Up to now little attention has been paid to an expression for the velocity of light in a gravitational field derived by Einstein in 1911. It is shown that (i) this expression represents the proper velocity of light (since it is defined in terms of proper time and length), (ii) the proper velocity of light is anisotropic in non-inertial reference frames, and (iii) unlike the coordinate velocity of light (which is a function only of the gravitational potential of the point at which it is determined) the proper velocity of light depends on the difference of the gravitational potential of the source and observation points and is expressed in terms of the initial velocity with which a light signal is emitted at the source point. The proper velocity of light is of crucial importance for two reasons: (i) it is this velocity (not the coordinate velocity) that is involved in the verification of the equivalence principle by calculating the potential and the electric field of a charge in an accelerating reference frame N a and in a frame N g supported in a uniform gravitational field as well as the self-force acting on a charge in N a and N g on account of its own electric field, and (ii) the proper velocity of light demonstrates that the local velocity of light is not always c which contradicts the standard curved-spacetime interpretation of general relativity.
Introduction
In 1911 Einstein [1] showed that the velocity of light is not constant in a gravitational field. He determined that a light signal emitted at a source point S with an initial velocity c upon its arrival at an observation point O obtains the velocity
where ∆Φ SO is the difference of the gravitational potential of the source and the observation points S and O. The velocity (1) has been neglected so far since in 1911 it lead Einstein to a wrong value of the deflection of light by the Sun. In his 1916 paper [2] he obtained the correct deflection angle by using the coordinate velocity of light
The velocity (1) which, as we shall see, represents the proper velocity of light in a gravitational field cannot be applied to the gravitational deflection of light, but it is this velocity (not the coordinate velocity) that is involved in any calculations verifying the principle of equivalence such as the propagation of light in an accelerating reference frame N a and in a non-inertial frame N g supported in a gravitational field, calculations of the potential and electromagnetic field of a charge in N a and N g , and calculations of the self-force acting upon a charge at rest in N a and N g , respectively [3] , [4] . That is why the velocity (1) is not a wrong expression but a different velocity which had been inappropriately used in the calculations of the deflection of light where a light velocity involving the gravitational potential of one point (not the difference of the gravitational potentials of the source and observation points) was necessary.
There are two differences between the coordinate and the proper velocities of light. As seen from (2) the coordinate velocity depends only on the gravitational potential of the point where it is determined while the velocity (1) is defined by the difference of the gravitational potential ∆Φ SO of the source and the observation points. A second important difference between the coordinate and the proper velocities is the meaning of c before the parenthesis in (1) and (2) . In (2) c is the ordinary (special relativistic) velocity of light in the absence of gravitational fields -when the gravitational potential in (2) is zero c ′ = c. In (1) c O = c when the potential difference ∆Φ SO is zero, i.e. when the source point S coincides with the observation point O. Therefore in (1) c is the initial velocity of the light signal emitted at S which is assumed to be equal to c. It is explicitly shown by Einstein in his 1911 paper [1] that c in (1) is the initial velocity of a light signal which final velocity at the observation point is given by (1).
It has not been clearly realized up to now that the velocity of light determined in an accelerating reference frame N a is anisotropic due to the accelerated motion of N a . The anisotropy of light in an accelerating frame is a direct consequence of the fact that acceleration is absolute. Inversely, it is the anisotropic velocity of light in N a that allows an observer at rest in N a to detect the frame's accelerated motion as we shall see bellow (more precisely, an observer in N a can determine that N a is a non-inertial frame -accelerating or supported in a gravitational field). The anisotropy in the velocity of light in N a is confirmed (when the principle of equivalence is applied) by the general relativistic fact (which has also received little attention [6] , [7] ) that the velocity of light is also anisotropic in a gravitational field.
In section 2 we shall show that the anisotropic velocity of light in N a is caused by the acceleration of N a . A second derivation of the velocity of light involving the proper time and length at the source and observation points provides the justification for calling the anisotropic velocity of light in N a the proper velocity. In Section 3 the anisotropic velocity in a gravitational field is also obtained by two different methods. It is shown that the coordinate velocity does not describe correctly the propagation of light in uniform gravitational fields which are required for the application of the principle of equivalence.
Anisotropic velocity of light in an accelerating frame
Derivation of the anisotropic velocity of light in an accelerating reference frame N a which demonstrates that it is caused by the frame's acceleration. The anisotropy in the velocity of light in an accelerating reference frame is evident from the original thought experiment with an accelerating elevator and an elevator at rest in a uniform gravitational field proposed by Einstein [5] . Consider a non-inertial (accelerating) reference frame N a which represents an elevator accelerating with an acceleration a in the positive direction of the x-axis. A light ray is emitted from a point D on the elevator's wall (at equal distances x from the floor and the ceiling) and propagates in a direction perpendicular to the elevator's acceleration toward a point M on the opposite wall (also situated at equal distances from the floor and the ceiling; the distance between D and M is also x). Due to the accelerated motion of the elevator the ray bends (for an observer in the elevator) and arrives not at the middle point M but at a point M ′ displaced at a distance δ from M toward the floor. This is an experiment that allows an observer in N a (in the elevator) to determine from within N a that it is not an inertial frame. In order to calculate the anisotropic velocity of light in N a , in addition to the horizontal light signal propagating from point D toward point M , we consider two light signal propagating vertically along the x-axis emitted from two points on the wall where point M is situated. The two light signals are emitted simultaneously with the horizontal signal in N a from two points A and B separated by a distance 2x, one from point B (at the elevators floor) toward A (in the positive direction of the x-axis), and the other from point A (at the ceiling) in the opposite direction (toward B). They will not meet in the middle point M because during the time t, the light signals travel toward M , N a will move at a distance δ = 1 2 at 2 as measured in the co-moving (instantaneous) inertial reference frame. The three signals will meet at a point M ′ which is displaced from the middle point M (in the negative direction of the x-axis) by
Here t = x/c is the time it takes for the light signals to meet at M (when the elevator is moving with constant velocity) which equals the time for which the light signals simultaneously reach point M ′ after having traveled the distances x, x + δ, and x − δ (as measured in the accelerated reference frame). This shows that in N a the speed of light in the +x-direction is smaller than in the opposite direction (and than c) and its average value is
In the −x-direction the average velocity of light is greater than c
In order to represent the average anisotropic speed of light in vectorial notation let us consider a different version of this thought experiment involving two more light signals. The two extra signals are emitted from point B toward a new point C (displaced from B at a distance 2x in the opposite direction of a) and from C toward B. The signals emitted from B have the velocitiesc a ↑ (for the signal propagating toward A) andc a ↓ (for the signal bound to C). Now the average anisotropic speed of light as determined in N a can be represented in the vector formc
Here the vector r (with components x, y, z ) has its origin at the point where a light signal is emitted (in our case point B) and its end at the point where the signal is measured.
As seen from (3) the average anisotropic velocity of light in N a involves accelerations and distances for which a · r/2c 2 < 1. This restriction is always satisfied since it is weaker than the one imposed by the principle of equivalence. When we calculate the anisotropic velocity of light in a gravitational field we consider only small regions (of dimension r = |r|) where the field is uniform (g · r/2c 2 ≪ 1) which makes the application of the principle of equivalence possible.
A proof that it is the proper velocity (3), not the coordinate velocity (2) , that is involved in the verification of the principle of equivalence is the calculation of δ in an accelerating elevator and an elevator at rest in a gravitational field by using the coordinate velocity (2). In Section 3 it is shown that it does not yield the correct value of δ.
As the initial light velocity is c, from (3) we can calculate the anisotropic velocity of light at a given point separated by a distance r = |r| from the source point
This is the instantaneous or local velocity of light at the observation point. As seen from (4) the local velocity of light at a given point is equal to c only if that point coincides with the source point, i.e. only when r = 0. The derivation of (4) does not imply any relation to a given point -it is valid for all observers situated at different points in N a . Therefore the observers at the observation and the source points agree that the velocity of light at the observation point is given by (4) .
Derivation of the anisotropic velocity of light in an accelerating reference frame N a which explicitly shows that it is defined (i) by the proper time and length at the source and observation points, and (ii) by its initial velocity at the source point. Here we shall calculate the anisotropic speed of light in N a using the proper time and length at the source and observation points. Consider a light signal emitted from point B (a B-signal). It is emitted with the initial velocity
where dX B and dτ B are the proper length and time at B. In order to see whether the velocity of the B-signal at A is different from its initial velocity, the B-signal's velocity at A must be expressed in terms of its initial velocity. This can be done in two different ways. First, we see what is the length dX A at A covered by the B-signal for the same time dτ B for which it covered the distance dX B at B, i.e. we use the time obtained by the B-observer and measure the length at A which the light signal will travel in the fixed time dτ B . In this case its velocity at A is
To express c ↑ A in terms of the initial velocity of the B-signal dX B /dτ B we need a relation between the proper lengths dX A and dX B at A and B. Second, we use as fixed the distance dX B traveled by the signal at B and measure how much time dτ A it will take for the signal to travel the same distance at A. Now the velocity of the B-signal at A is
In this case we need to know the relation between the proper times dτ A and dτ B at A and B.
The velocity of the B-signal at A cannot be expressed as dX A /dτ A since it represents the initial velocity of a light signal emitted and measured at A. In order to determine whether the velocity of light at a given point changes with respect to its initial velocity either the length traveled or the time measured at the source point is needed at the observation point for calculating the local velocity there. This point might be a source of controversy but it will be over when it is taken into account that all results in non-inertial frames are absolute, as we shall see bellow, which excludes a misleading interpretation that, like in special relativity, for an observer at A the local velocity of the B-signal at A is c whereas for an observer at B the local velocity of the B-signal at A is different.
In order to obtain the relationships of the proper lengths and times we shall follow the approach of Schiff [6] . Let us now assume that the points A, B and C from the previous though experiment are separated by a distance x. As the frame N a is accelerating along its x-axis the proper lengths dX A and dX B are compared in turn with the proper length dX of a point P in an inertial reference frame I whose x-axis is parallel to the x-axis of N a . An observer in I can use its proper length dX as a standard for comparing the proper lengths dX A and dX B . When point A passes point P the instantaneous velocity of N a is v A and the observer in I can relate the I's proper length dX with dX A through the Lorentz contraction formula:
Since v A < c we can write
When point B coincides with P the instantaneous velocity of N a is v B > v A . In order to compare the proper lengths dX A and dX B the observer in I determines what is the proper length dX B at B that corresponds to the same length contraction dX in I
Now from (7) and (8) we can relate dX A and dX B
or keeping only the c −2 terms
, where a is the acceleration of N a and x is the distance between points A and B . In the same way we can relate the proper lengths dX B and dX C at points B and C
Now we are in a position to calculate the velocity of the B-signal at A and C in terms of its initial velocity dX B /dτ B = c. For the velocity of the B-signal at A from (5) and (9) we have
Similarly, the velocity of the B-signal at C is
If points A and C are not laying on the x-axis the second term in the parenthesis in (11) and (12) will be multiplied by a cos ϕ where ϕ is the angle between the x-axis and the line connecting point B with A or C. Now the anisotropic velocity of light at a point situated at a distance r = |r| from the point where the light has been emitted with the initial velocity c can be represented in the vector form
Let us now calculate the velocity of the B-signal at A and C by using the fixed length dX B which the B-signal travels at B for the proper time dτ B measured at B. For this to be done we need the ratio of the proper times at A, B, and C. As in the case of the proper lengths an observer in I can relate the proper times at A and B by measuring the same time dilation. When point A coincides with P the instantaneous velocity of N a is v A . The time-dilated interval dT measured at P that corresponds to the proper time dτ A of A is
When point B coincides with P the instantaneous velocity of N a increases to v B . The observer in I now determines what is the proper time dτ B of B which corresponds to the same time-dilated interval dT measured at P
From (14) and (15) we have
Since v
A + 2ax we can write
Similarly
Now we can calculate the local velocity of light at A and C by using (6), (16)), and (17)
In vector form the velocity of light is given by
Therefore we obtained the same expression for the velocity of light in N a as in the case of the fixed time interval dτ B (13). We have seen that the derivation of (19) involves only proper time and length intervals. For this reason throughout the paper we have been calling (19) the proper velocity of light.
Two things should be stressed here: (i) c a is the local (instantaneous) velocity of a light signal (emitted from a point r = 0) at an observation point defined by the position vector r, and (ii) the velocity (19) is absolute in N a in a sense that it is not defined with respect to a given point. To make these points clear consider a light signal emitted at B whose velocity is determined at A -its velocity is given by (18). This is not the velocity at A as seen from B, i.e. it is wrong to say that for an observer at A the local velocity of the B-signal at A is c but for an observer at B it is (18). There is no relativity (reciprocity) in non-inertial reference frames. As seen from (16), unlike the special relativistic time dilation which is reciprocal, here dτ B is absolutely smaller than dτ A -both an observer at A and an observer at B agree that dτ B < dτ A . Therefore an observer at A will also determine that the local velocity of the B-signal at A is (18). If the A-observer measures the velocity of a light signal emitted at A its initial velocity is c = dX A /dτ A . This means that by measuring the local velocity of a light signal at A an observer can determine from where the signal has been emitted.
Anisotropic velocity of light in a gravitational field
Deriving the anisotropic velocity of light in a non-inertial reference frame N g at rest in the Earth's gravitational field from Einstein's formula (1) . If point S is on the Earth's surface and O is situated above S at a distance x, the calculation of ∆Φ SO in (1) gives
since R O = R S + x and GM/R 2 S = g, where R S and R O are the distances from the Earth's center to the points S and O, M is the Earth's mass and G and g are the gravitational constant and acceleration, respectively. Substitution of (20) into (1) gives [8] 
If a light signal is emitted from point O its velocity at S is
In vectorial notation the anisotropic velocity of light determined at a point situated at a distance r = |r| from the point where the light has been emitted is
It is obvious from (22) that it is valid for g · r/c 2 < 1. As in the case of c a this requirement is always satisfied since in order to apply the principle of equivalence only small space regions (of dimension r = |r|) where the gravitational field is uniform (such that g · r/c 2 ≪ 1) are considered. Also, as seen from (20), (22) is correct for x < R S .
Comparing the proper velocities of light (22) in N g and (4) in N a shows that they obey the principle of equivalence since substituting g = −a in (22) transforms it into (4).
To prove that it is the proper velocity of light (22) that is used in the calculations of propagation of light in a uniform gravitational field (when the application of the principle of equivalence is possible) let us now consider the Einstein elevator (discussed in Section 2) at rest in a uniform gravitational field. An observer in N g (the elevator) will also see that the three light signal emitted from A, B and D will arrive at point M ′ displaced from the middle point M at the small distance δ in the direction of the gravitational acceleration. To calculate δ by using the proper velocity (22) we need the average velocitiesc
and from B to M ′ . As the initial velocity of light is c we havē
(here we have kept only the terms proportional to c −2 assuming that AM ′ = x + δ ≈ x; taking δ into account results in c −4 terms in the parenthesis) andc
The calculation of δ by using (23) and (24) and noting that t = x/c is straightforward
Therefore the proper velocity of light (22) yields the correct value of δ. Let us now calculate δ by using the coordinate velocity of light (2) . The average coordinate velocities from A to M ′ and from B to M ′ arē
From here we can calculate δ
The fact that the coordinate velocity gives a wrong value for δ is a clear indication that this velocity cannot be used in any calculations in which the principle of equivalence is involved. This conclusion is also confirmed if the potential, the electric field, and the self-force acting on a charge in an accelerating frame N a and in a frame supported in a gravitational field N g are calculated in N a and N g -it is the proper velocity of light that gives the correct expressions of the potential, the electric field and the self-force [3] , [4] .
Deriving the anisotropic velocity c g by using the proper time and length at the source and observation points. In order to determine the expression for the anisotropic speed of light in the Earth's gravitational field let us consider again the three points A, B and C on the x axis along the radial direction (when the origin of the Cartesian coordinates coincides with the Earth's centre the coordinate axes x, y and z have radial directions). Light signals originate from point B and reach point A lying above B at a distance x and point C situated bellow B at the same distance x. As in N a here too we can also use two ways to calculate the speed of light at A and C as a function of the initial velocity c = dX B /dτ B of the light signals with which they have been emitted from B: (i) we determine what are the lengths dX A and dX C at A and C, respectively which the light travels for the same time dτ B it travels the length dX B at B (therefore the velocities of the light signals at A and C will be c 
Then the length interval dX B at B in the x direction is
At A an C the length intervals dX A and dX C are:
Then the ratio of the lengths at A and B is (since GM/c 2 R B < 1):
and the ratio of the lengths at C and B is:
Here it should be stressed again that due to the lack of reciprocity (relativity) in general relativity all observers in N g agree (as seen from (25) and (26)) that the proper length dX A at A is smaller than the proper length dX B at B and that dX B is smaller than dX C .
Using (25) we have for the velocity of light at A as a function of its initial velocity c = dX
Similarly from (26) the speed of light at C is
In vectorial notation the anisotropic speed of light at a point at a distance r = |r| from B is:
We have seen that the derivation of (29) involves only proper time and length intervals. This expression coincides with (22) derived from Einstein's formula (1) for the velocity of light in a gravitational field, thus demonstrating that (1) is not a mistake but represents the proper velocity of light.
Due to the fact that, unlike in special relativity, there is no relativity in general relativity, the relations between proper times and lengths are absolute (not reciprocal) in N g and therefore the velocity of light (29) is also absolute -all observers in N g agree that c g in (29) is equal to c only if the source and observation points coincide (i.e. when r = 0). This result is of extreme importance since it contradicts the standard curved-spacetime interpretation of general relativity which requires that the local velocity of light be always c. An analysis of the gravitational redshift experiment demonstrates that it also contradicts the standard curved-spacetime interpretation of general relativity [9] : the fact that two photons emitted at points of different gravitational potential have different frequencies at an observation point implies that the photons have different local velocities at the same point since their wavelengths do not change in the non-inertial reference frame N g in which the source and observation points are at rest (there is no Doppler effect in N g ). The result that for all observers the local velocity at an observation point is (29) means that by measuring the local velocity of a photon we can determine from where it has been emitted. And this is exactly what is measured in the gravitational redshift experiment -the measurement of the frequency of a photon is in fact an indirect measurement of its local velocity [9] .
In (29) we consider only small distances for which g · r/c 2 < 1. This restriction is quite natural since in (25) and (26) we assumed that x < R B . It simply means that we are considering small regions in a gravitational field where the field is uniform. For distances x > R B as seen from (25) 
Conclusions
It has been shown that the velocity of light (1) derived by Einstein in 1911 has been unfairly neglected for years. As we have seen this velocity represents the proper velocity of light in a gravitational field since proper length and time are involved in its derivation. It is this velocity, not the coordinate one, that is used to verify the principle of equivalence by describing the propagation of light in an accelerating reference frame N a and in a non-inertial frame N g supported in a gravitational field -as shown in Section 3 the coordinate velocity fails to describe the propagation of light in a uniform gravitational field yielding a wrong value of δ. It is also shown that the velocity of light is anisotropic in non-inertial reference frames.
The most important insight from the proper velocity of light is that the local velocity of light in noninertial reference frames is not always c which contradicts the standard curved-spacetime interpretation of general relativity.
